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Abstract
In this paper we construct some algebraic geometric error-correcting codes on surfaces whose Néron–
Severi group has low rank. If the Néron–Severi group is generated by an effective divisor, the intersection of
this surface with an irreducible surface of lower degree will be an irreducible curve, and this makes possible
the construction of codes with good parameters. Such surfaces are not easy to find, but we are able to find
surfaces with low rank, and those will give us good codes too.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In the eighties the Russian mathematician and engineer V.D. Goppa [4] introduced the idea of
constructing error-correcting codes on algebraic curves by evaluating certain spaces of functions
on points of a curve. Let Fq denote the finite field with q elements. Let C be an algebraic curve
of genus g defined over Fq , D = P1 + P2 + · · · + Pn and G divisors on C such that supp(D) ∩
supp(G) = φ. Let
L(G) = {f ∈ Fq(C) ∣∣ (f )−G}∪ {0}.
Observe that L(G) is a Fq -vector space. The Geometric Goppa code associated with the divisors
D and G is defined as the image of the map
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f → (f (P1), f (P2), . . . , f (Pn)).
The Riemann–Roch theorem gives us a lower bound for the minimum distance, and so the pa-
rameters for this code are k = dim(G) − dim(G − D) and d  n − deg(G). On curves, points
can be thought as divisors, and the Riemann–Roch theorem makes possible a good description
of these codes. The construction of Goppa works for any algebraic variety, not necessarily for
curves only. Over a surface, the construction can be made in the following way:
Given a divisor G on a projective surface X, both defined over the finite field Fq , and ra-
tional points P1, . . . ,Pn on X but not on G, we can define a code C consisting of the vectors
(f (P1), . . . , f (Pn)) where f varies in L(G).
The construction of good codes on higher-dimensional varieties is more complicated, by the
simple fact that, generally speaking, it is not easy to estimate and control the number of zeros
of algebraic functions on higher-dimensional varieties. The reason for constructing codes on
surfaces whose Néron–Severi group is generated by a single effective divisor is the following:
if we intersect it with an irreducible surface of lower degree (both surfaces in P3), we obtain an
irreducible curve, and this results in good parameters for the code. Unfortunately, such surfaces
are not easy to find, but we are able to construct good codes using surfaces with low rank, not
necessarily 1.
2. A first case
In [8], Swinnerton-Dyer lists all the possibilities for the zeta function of a non-singular cubic
surface over a finite field. He shows that the zeta function depends only on the rationality proper-
ties of the 27 lines contained in the surface in the following way: the Frobenius endomorphism σ
induces a permutation σ ∗ of the lines and σ ∗ is an element of G, the group of permutation of the
lines which preserve incidence relations. Then for each conjugacy class in G he determines the
zeta function of the surface. There are 25 conjugacy classes in total, and among those we have
the possibility of having a cubic surface defined over Fq with q2 + 2q + 1 points, and having
Néron–Severi group of rank 1 [8, Class 12 of Table 1, p. 57]. Any other cubic listed in [8] with
more than q2 + 2q + 1 points will potentially have rank higher than 1. The existence of a cubic
surface in P3 with q2 + 2q + 1 points and Néron–Severi group of rank 1 allows the construc-
tion of a good code, as we will see. To estimate the minimal distance of this code, we need the
following lemma.
Lemma 2.1. Let X ⊂ P3 be a smooth surface of degree d defined over Fq , with d not divisible
by the characteristic of Fq . Assume that the rank of the Néron–Severi group of X is 1 and its
generator is an effective divisor. Let Y ⊂ P3 be an irreducible surface of degree 1  m < d
defined over Fq . Then X ∩ Y is irreducible.
Proof.
Step 1. Pico(X) = 0 (this works for any smooth surface in P3).
Proof. Mumford (in [5, theorem on p. 196]) shows that
dim
(
Pico(X)
)
 dim
(
H 1(X,OX)
)
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dim
(
H 1(X,OX)
)= 0
and so dim(Pico(X)) = 0.
Step 2. Let C0 be a plane section of X. Then NS(X) = C0Z.
Proof. Here on Step 2 we will be working over an algebraic closure of Fq . It does not affect the
overall argument of the lemma. By hypothesis, NS(X) is cyclic of rank 1 so if D is a generator,
C0 is algebraically equivalent to nD for some n ∈ Z with n > 0 (since D is effective). By Step 1
above, C0 is linearly equivalent to nD. But D is effective, implying that nD is a plane section
of X. Let H = nD.
Suppose that x, y, z and w are projective coordinates and, applying a change of coordinates
if necessary, suppose that H is given by w = 0. So X ∩H is given by h(x, y, z)n. Let g be such
that X is given by g = 0. Then
g(x, y, z,w) = h(x, y, z)n +wR(x,y, z,w)
for some R, since X ∩H is given by g(x, y, z,0) = h(x, y, z)n. So
gx = nhn−1hx +wRx,
gy = nhn−1hy +wRy,
gz = nhn−1hz +wRz,
gw = R +wRw.
Observe that R is not a constant, since g is homogeneous of degree greater than 1. Any point
satisfying h = w = R = 0 is a singularity of X, contradicting its smoothness. Note that char(Fq)
does not divide n, since it does not divide d .
Step 3. If Y is an irreducible surface in P3 of degree m< d then X ∩ Y is irreducible.
Proof. Suppose X ∩ Y is reducible, so let X ∩ Y = C1 ∪ C2. Then, by Steps 1 and 2 above,
Ci is linearly equivalent to aiC0 with a1 + a2 = m. Let the plane which defines C0 be the plane
at infinity, and work in the affine space. We have that there exist polynomials f1 and f2 in
Fq [x, y, z] such that
(f1) = C1 − a1C0,
(f2) = C2 − a2C0
and
(f1f2) = C1 +C2 −mC0.
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where f = 0 is the equation for Y , so (
f1f2
f
)
= (0)
which implies that ∃λ ∈ Fq such that f1f2 = λf as functions on X, i.e., g|(f1f2 − λf ). But
deg(g) = d , and deg(f1f2 − λf )m < d , so f1f2 = λf as polynomials, and f factors so Y is
reducible. 
Note. Observe that Lemma 2.1 does not work if we drop the condition m < d . To see this,
consider the following example: Let X be given by {g = 0}. Start with f1 and f2 such that
deg(f1)+deg(f2) = d . So X∩{f1f2 = 0} is reducible (call Yλ the surface given by {f1f2 = λ}).
Then Yλ: f1f2 + λg is a pencil of surfaces with an irreducible member (X,λ = ∞) so a generic
member is irreducible but X ∩ Yλ = X ∩ Y0 is reducible.
Back to the code, remember that we need to find a cubic surface S ⊂ P3 defined over Fq
containing q2 + 2q + 1 points and having Néron–Severi group of rank 1. If we can manage to
find such a surface with the additional condition that there exists a plane that does not intersect
it on rational points, we can build a code of length q2 + 2q + 1 by making the plane that does
not intersect the surface the plane at infinity. Using random search, we were able to find surfaces
in P3 over F7 satisfying these requirements. So let us estimate the parameters of such a code
in F7. First, since q = 7, we have a surface S with 64 points, which gives us a code of length 64.
Using sections of degree at most 2, we have that the dimension of the code is at most 10 (and
since S has enough points, we will see that the dimension is exactly 10). Take the linear space of
sections to be generated by {
x2, xy, xz, x, y2, yz, y, z2, z,1
}
.
Taking a surface Q ⊆ P3 of degree 2, we see that the intersection S ∩ Q is either an irreducible
curve or two plane cubics (note that only these are possible because of Lemma 2.1). Let us
estimate the maximum number of points on the intersection.
Irreducible case, smooth. Using the adjunction formula, we see that such a curve has genus
g  4. If g = 4, we can use the Stöhr–Voloch bound [7] for the number of points, since it admits
a classical system (F.K. Schmidt shows in [6] that for curves of genus 4, non-classical system is
possible only in characteristics 2 and 5). For a curve C ∈ Pn(Fq) of degree d and genus g, we
have that the number of points N is bounded by
N  1
n
(
n(n− 1)(g − 1)+ d(q + n))
which in our case (n = 3, q = 7, g = 4, d = 6) gives us N  26. Observe that this is better than
Serre’s improvement to Weil’s bound N  q + 1 + g[2√q ] = 28. If g < 4 we can use Weil’s
bound, and have N  q + 1 + g[2√q ] 23.
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(Corollary 2.4 on [1]) which generalizes Weil theorem for singular curves: if C is a curve defined
over Fq with arithmetic genus pa , the number of rational points of C satisfies∣∣#C(Fq)− (q + 1)∣∣ 2pa√q.
The arithmetic genus of a complete intersection of surfaces of degrees a and b in P3 is given by
pa(C) = 12ab(a + b − 4)+ 1.
In our case (a = 3, b = 2) the curve has arithmetic genus 4, and at most 29 points.
Reducible case, two plane cubics. For plane curves we use Weil’s bound and conclude that each
curve has at most 13 points, since g  1. So the pair has at most 26 rational points.
If Q ⊆ P3 has degree 1, then Q is a plane, and the intersection is a plane cubic, which has at
most 13 points.
We conclude that constructing a code over F7 using S with 64 points by evaluating functions
of degree at most 2, we will obtain an error-correcting code of length 64, dimension at most 10
and minimum distance at least 35. As mentioned before, we have found surfaces satisfying the
conditions needed. For ease of notation, we represent a surface as a vector vf of length 20,
vf = [cx3 , cx2y, cx2z, cx2w, cxy2 , cxyz, cxyw, cxz2 , . . . , cz2w, czw2 , cw3],
where cm is the coefficient of the monomial m in the polynomial f ∈ F7[x, y, z,w] that defines S.
The surface
vf = [5,6,1,1,0,5,0,3,6,3,5,1,0,5,0,5,0,0,2,4]
and the plane
6x + 4y + 2z +w = 0
give us a [64,10,38] code, showing that the bound for the dimension is attained, and the actual
minimal distance is larger than the lower bound we have found. This is possible only if the
irreducible singular curves (if any) obtained as the intersection of the cubic and quadric surfaces
do not attain Aubry and Perret’s upper bound for the number of rational points.
Using a similar construction over F9, we were able to obtain good codes, despite the fact that
not all the hypotheses of Lemma 2.1 were satisfied (the characteristic of the field now is 3). Let
γ be a generator of the group F∗9 and using the same notation as above, take the cubic surface
represented by
vf =
[
γ, γ, γ 2, γ 2, γ 5, γ 7, γ 2, γ 2,1,0, γ, γ 5,2, γ 6, γ 3, γ,1, γ 6, γ 2, γ 7
]
.
This surface has 100 rational points and the plane
γ 6x + 2y + 2z +w = 0
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dimension 10 and minimal distance 68.
3. Zeta function and Tate’s conjecture
Given a variety X of dimension n defined over Fq , we denote the number of points of X
whose coordinates lie in Fqr by Nr . The zeta function of X is defined as
ZX(t) = exp
( ∞∑
r=1
Nr
tr
r
)
. (1)
By results of Dwork, Grothendieck and Deligne, we have that ZX(t) is a rational function that
can be written as
ZX(t) = P1(t)P3(t) . . . P2n−1(t)
P0(t)P2(t) . . . P2n(t)
, (2)
where P0(t) = 1− t , P2n(t) = 1− qnt and for 1 i  2n− 1, Pi(t) is a polynomial with integer
coefficients, and it can be written as
Pi(t) =
Bi∏
j=1
(1 − αij t),
where the αij are algebraic integers with |αij | = q i2 , and Bi is the ith Betti number of X. From
(1) and (2) it is easy to find that
Nr = 1 + qnr +
2n−1∑
i=1
(
Bi∑
j=1
(−1)iαrij
)
. (3)
In particular, for surfaces, we have that
Nr = 1 + q2r +
3∑
i=1
(
Bi∑
j=1
(−1)iαrij
)
(4)
and this will be important to estimate the rank of the Néron–Severi group of a surface. In [10],
Conjecture C, Tate has conjectured that the rank of the Néron–Severi group of a surface S equals
the number of α2j in (4) with α2j = q . Although equality has not been proved yet, on the same
paper he proves that rk(NS(S))  #{α2j | α2j = q}, as a consequence of the exactness of the
sequence 5.10 in [10].
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Let C be a plane curve defined over Fq2 by f (x, y) = 0, but not defined over Fq . Let g =
genus(C). Let {1, α} be a basis for Fq2 as a Fq -vector space, with (it will become clear later why
we have picked α satisfying this condition)
σ(α) =
{−α if 2  q;
−α + 1 if 2 | q.
If x and y are in Fq2 , we can write
x = x1 + αx2,
y = y1 + αy2
uniquely with x1, x2, y1, y2 ∈ Fq . Moreover, we have that
f (x, y) = f (x1 + αx2, y1 + αy2)
= f1(x1, x2, y1, y2)+ αf2(x1, x2, y1, y2)
with f1(x1, x2, y1, y2), f2(x1, x2, y1, y2) ∈ Fq [x1, x2, y1, y2]. So we can consider the surface S
(in 4-dimensional space) defined over Fq by f1(x1, x2, y1, y2) = f2(x1, x2, y1, y2) = 0. The sur-
face S is denoted by WF
q2/Fq
(C) and it is called the Weil restriction of scalars of C over Fq2 .
This is a particular case of the general construction: let k be a finite field and K a Galois exten-
sion of k of degree n. Let C be a curve defined over K but not over k. The Weil restriction of
scalars of C over K (denoted by WK/k(C)) is a variety of dimension n defined over k.
Proposition 4.1. Given C and S = WF
q2/Fq
(C) as above, we have that
#S(Fqk ) =
{
#C(Fq2k ) if k is odd;
(#C(Fqk ))2 if k is even.
Proof. The odd case is straightforward. It follows directly from the construction, since we have
that C is defined over Fq2k , but it is not defined over Fqk (if it were defined over Fqk , then it
would be also on Fqk ∩Fq2 = Fq , contradicting our original assumption). So we are left to prove
the case k even. For that, we are going to show that
S ∼= C ×Cσ
over Fqk with k even. First, observe that k even implies that α ∈ Fqk . Using the notation as above
for f , f σ , f1 and f2 (with the only difference that now we consider f σ a polynomial on the
variables z and w) we have that we need to show
Fqk [x1, x2, y1, y2]/(f1,f2) ∼=
(
Fqk [x, y]
)⊗F k (Fqk [z,w] σ )./(f ) q /(f )
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(
Fqk [x, y]/(f )
)⊗F
qk
(
Fqk [z,w]/(f σ )
)∼= Fqk [x, y, z,w]/(f,f σ )
and so
Fqk [x1, x2, y1, y2]/(f1,f2) ∼= Fqk [x, y, z,w]/(f,f σ )
follows easily from the identifications (and now becomes clear the choice we made for α)
x ↔ x1 + αx2,
y ↔ y1 + αy2,
z ↔ x1 + σ(α)x2,
w ↔ y1 + σ(α)y2. 
With the result of Proposition 4.1 and using Tate’s conjecture, we are now able to estimate the
rank of the Néron–Severi group of a surface S constructed as above. In the case k odd, we have
that
#S(Fqk ) = #C(Fq2k ) = 1 + q2k −
2g∑
j=1
α2kj ,
where the last equality follows from (3) with n = 1, and in this case, B1 = 2g. The result above
could lead us to think that rk(NS(S))  2g. But we have to consider that an eigenvalue and its
negative might occur simultaneously, so cancellations can be happening there. So let us take a
look at the case k even:
#S(Fqk ) =
(
#C(Fqk )
)2
=
(
1 + qk −
2g∑
j=1
αkj
)2
= 1 + 2qk + q2k − 2(1 + qk)
( 2g∑
j=1
αkj
)
+
( 2g∑
j=1
αkj
)2
= 1 + 2qk + q2k − 2
2g∑
j=1
αkj − 2
2g∑
j=1
(qαj )
k +
( 2g∑
j=1
αkj
)2
.
Observe that eigenvalues equal to q can only come from the terms 2qk and (
∑2g
j=1 α
k
j )
2
, since
|αj | = q1/2. Also, note that the αj occur in pairs, i.e., αj and σ(αj ) are both reciprocal of roots of
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∑2g
j=1 α
k
j )
2 will contribute
with, at least 2g, and at most 4g2 eigenvalues equal to q , which gives us the estimate
2 + 2g  rk(NS(S)) 2 + 4g2,
where the second inequality follows from Tate’s result in [10], and the first inequality follows
from the fact that Tate’s conjecture is true for product of curves, proved by himself in [9, Theo-
rem 4].
5. Some codes
We are able now to construct some surfaces and estimate the rank of its Néron–Severi group.
We have shown how the rank depends on the genus of the curve C, so we do not want to work
with curves of high genus. The first attempt was to use Weil’s descent of elliptic curves. We
have found reasonable codes, but nothing very impressive. One can say that this happened be-
cause the surfaces did not have many points. Roughly speaking, our codes are good if given the
surface and a space of curves on this surface, we can get many points laying “outside” of each
of these curves. Again, in general terms, we expect a surface to have the square of number of
points that a curve has, so it is reasonable to expect that if we do not have many points on the
surface, the difference cannot be big enough to give us a good code. With that in mind, we used
hyper elliptic curves instead, and we have found better ones. We have constructed codes over F7
using sections of degree at most 2, more specifically, we took the 11-dimensional F7-linear space
generated by
{x1 + x2, y1 + y2, γ x1 + γ¯ x2, γy1 + γ¯ y2, x1x2, y1y2,
γ x1y2 + γ¯ x2y1, x1y1 + x2y2, γ x1y1 + γ¯ x2y2, x1y2 + x2y1}
Table 1
Best codes found over F7 with n 50
n k d dbest f
50 11 27 28 y2 + 6x5 + γ 27x3 + γ 6x2 + γ 38x + γ 42
48 11 26 27 y2 + 6x5 + γ 28x3 + γ 4x2 + γ 44x + γ 26
42 11 22 23 y2 + 6x5 + γ 29x3 + γ 29x2 + γ 19x + γ 19
41 11 21 22 y2 + 6x5 + γ 30x3 + γ 33x2 + γ 7
40 11 20 21 y2 + 6x5 + γ 27x3 + γ 25x2 + γ 27x + γ 43
39 11 19 20 y2 + 6x5 + γ 27x3 + γ 27x2 + γ 26x + γ 30
38 11 19 19 y2 + 6x5 + γ 27x3 + γ 28x2 + 4x + γ 37
37 11 18 19 y2 + 6x5 + γ 27x3 + γ 29x2 + γ 25x + γ 26
36 11 17 18 y2 + 6x5 + γ 27x3 + γ 31x2 + γ 25x + γ 27
35 11 17 18 y2 + 6x5 + γ 30x3 + γ 5x2 + γ 28x + 1
34 11 16 17 y2 + 6x5 + γ 30x3 + γ 41x2 + γ 2x + γ 22
33 11 15 16 y2 + 6x5 + γ 30x3 + 5x2 + γ 22x + γ 38
31 11 14 15 y2 + 6x5 + γ 30x3 + γ 10x2 + γ 37x + γ 19
30 11 13 14 y2 + 6x5 + γ 30x3 + γ 33x2 + γ 36x + γ 23
29 11 12 13 y2 + 6x5 + γ 30x3 + γ 33x2 + γ 26x + γ 28
28 11 12 13 y2 + 6x5 + γ 29x3 + 6x2 + γ 14x + γ 14
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Best codes found over F7 with n > 50
n k d dbest/F5 dbest/F8 f
71 11 42 41 47 y2 + 6x5 + γ 30x3 + γ 28x2 + γ 38x + 3
70 11 41 40 46 y2 + 6x5 + γ 27x3 + γ 29x2 + 2x + γ 47
69 11 41 39 45 y2 + 6x5 + γ 27x3 + γ 31x2 + γ 38x + 6
68 11 40 39 44 y2 + 6x5 + γ 27x3 + γ 25x2 + γ 17x + γ 12
67 11 39 38 43 y2 + 6x5 + γ 27x3 + 4x2 + γ 31x + γ 47
65 11 38 37 42 y2 + 6x5 + γ 27x3 + γ 26x2 + γ 33x + γ 35
64 11 37 36 42 y2 + 6x5 + γ 27x3 + γ 31x2 + 4x + γ 38
62 11 36 35 40 y2 + 6x5 + γ 27x3 + γ 26x2 + γ 44x + γ 37
59 11 34 33 37 y2 + 6x5 + γ 30x3 + γ 42x2 + γ 27x + γ 20
58 11 33 32 36 y2 + 6x5 + γ 27x3 + γ 34x2 + γ 33x + γ 42
57 11 32 31 35 y2 + 6x5 + γ 27x3 + γ 25x2 + γ 36x + γ 34
56 11 31 30 34 y2 + 6x5 + γ 27x3 + γ 25x2 + γ 38x + γ 26
54 11 30 29 32 y2 + 6x5 + γ 27x3 + γ 27x2 + γ 26x + γ 26
53 11 29 28 31 y2 + 6x5 + γ 27x3 + γ 29x2 + γ 29x + γ 30
52 11 29 27 30 y2 + 6x5 + γ 30x3 + γ 42x2 + γ 18x + 1
51 11 28 27 29 y2 + 6x5 + γ 27x3 + γ 29x2 + γ 9x + γ 44
(where γ¯ = σ(γ ), σ the Frobenius automorphism of F49, γ a generator of F∗49), and we have
found codes with the parameters displayed on Table 1 (n is the length, k is the dimension, d is
the minimal distance, dbest is the best minimal distance found so far, considering the bounds on
minimal distance on linear codes kept by Andries Brower in [3] and f (x, y) ∈ F49[x, y] is the
polynomial that defines a hyper elliptic curve that gave such a code).
We have also found some codes of length higher than 50, but since Brower’s tables do not
have yet dbest for linear codes over F7 with n  51 we compare the codes we have found with
the best existing ones over F5 and F8. These are shown on Table 2.
Since it would not be very practical to display here all the equations for the hyper elliptic
curves that gave us good codes, we have put only one of each. More curves, and the generating
matrices for these codes can be found in my web page at http://www.ma.utexas.edu/users/zarzar.
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